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Abstract
We report complex permittivity measurement of hexatriacontane films at the fre-
quency range of 26 GHz–1.1 THz. Hexatriacontane (C36H74) has a melting point
of 75 ◦C that exhibits a 15% volumetric change which is crucial in developing
low-loss RF microactuators with large displacement. In this work, we employ time-
domain spectroscopy to measure the transmission coefficient of the paraffin samples
in the frequency range of 0.3–1.1 THz. In order to extract the dielectric constant
and accurately estimate the small values of loss tangent, we developed a propagation
model which measured data are fitted to through a new least-squares minimization
method. A Debye relaxation model is used to model the frequency dependence of
the permittivity. Described method is rapidly convergent with minimum amount of
signal processing. This method can be used to determine the complex permittivity of
the materials by devising an appropriate function for the frequency dependence of
the complex permittivity. Transmission through 20 samples of paraffin with various
thicknesses is measured and the average permittivity is found to be 2.25 with stan-
dard deviation of 0.028. The loss tangent is monotonically increasing with frequency
and the maximum value is 6.32×10−3 at 1.1 THz. Our study demonstrates that paraf-
fin is a low-loss dielectric which makes it an attractive candidate for development
of electro-thermo-mechanical actuators for sub-millimeter- and millimeter wave
(mmW) variable capacitors, low-loss reconfigurable antennas, and phase shifters.
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1 Introduction

Paraffin is a mechanical phase-change material that exhibits a 15% reversible
volumetric change during its solid-liquid transition at relatively low temperatures
(37–75 ◦C). Paraffins are class of normal alkanes (n-alkanes) which are the sim-
plest isomers with straight chain. Alkanes have the chemical form of CnH2n+2 where
n is typically between 20–50. In addition, due to its nonpolar molecular structure,
paraffin is expected to have a low dielectric loss at millimeter-wave (mmW) and
terahertz (THz) bands. This unique combination of electrical and mechanical prop-
erties makes paraffin an attractive candidate for the development of a new class
of electro-thermo-mechanical RF actuators [1, 2]. This novel type of RF actuators
can be utilized in developing high-quality factor mmW variable capacitors, low-loss
reconfigurable antennas, and phase shifters. Determining the capacitance and dielec-
tric losses associated with these variable capacitors requires accurate measurement
of the complex permittivity of paraffin. In addition, paraffin is used in embedding
biological tissues—due to its superior tissue morphology preservation—in THz time-
domain spectroscopy studies [3]; hence, determining the effect of paraffin layer
requires accurate permittivity characterization.

Dielectric loss and relaxation of liquid n-alkanes (n < 20) were studied in [4–
6] where resonator techniques and Fourier spectrometry are used in microwave and
far infrared bands, respectively. Maximum loss tangent of 12×10−4 at the frequency
range of 2–6 THz was reported for liquid alkanes, with n < 14. Laib et al. measured
the dielectric properties of liquid n-alkanes using time-domain spectroscopy (TDS)
in the frequency range of 0.1–2.5 THz and reported that the absorption coefficient
of these nonpolar liquids has approximately a linear frequency dependence with no
significant peaks [7]. In [8, 9], refractive index and absorption coefficient of solid
paraffin waxes consisting of mixture of alkanes are studied. Paraffin waxes with melt-
ing points of less than 58◦ [8] and mixture of solid n-alkanes with n < 31 [9] has
no significant absorption peaks in the frequency range of 0.2–2.5 THz, and increases
monotonically with increasing frequency. However, measured values and extraction
method used in [8, 9], which is based on single transmission and accurate knowl-
edge of the thickness, are not accurate enough for RF design purposes. In addition,
an analytical model is not presented to extrapolate the values for lower frequencies.
Even though there are extensive studies on the dielectric loss of liquid n-alkanes, to
the authors best knowledge, there is no measurement reported for the dielectric per-
mittivity of the solid alkanes with carbon atoms of n > 20. Our preliminary study on
the complex permittivity of hexatriacontane (C36H74) were presented in [10, 11].

TDS is a free-space measurement technique where material properties can be
extracted for a wide frequency range. This is in contrast to the narrowband resonator-
based measurement techniques [4]. In addition, since the measurements are carried
out in the time domain, phase of the electric field is also measured. In TDS, tem-
poral profile of the of transmitted electric field is measured with and without the
sample. Ratio of the Fourier transform of these signals provide us with the phase
and amplitude of the transmission coefficient as a function of frequency. Then, an
inverse problem is solved to extract the complex permittivity of the sample [12]. A
model-based extraction scheme is described in [12] where a complete knowledge of
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the sample thickness is required to extract the complex refractive index. Uncertain-
ties in the thickness of the sample could result in artificial oscillations in refractive
index with respect to frequency. Precise determination of the thickness is also pos-
sible by considering the multiple reflections in the sample that can be temporally
separated [13, 14]. An improved extraction algorithm is presented in [15] where the
accuracy is enhanced by constructively using the uncertainty of the measurement.
An extensive study on the model-based extraction of the complex permittivity using
reflection-transmission mode spectroscopy is presented in [16] where no initial guess
for the thickness is required.

In this work, we report the complex permittivity measurement of hexatriacontane
(C36H74) films with melting point of 75 ◦C, using TDS. We developed a propagation
model-based characterization scheme using the least-squares optimization. Propaga-
tion model considers the multiple internal reflections in the sample—Fabry-Pérot
effect—for both thick and thin samples which increase the accuracy in measuring
the loss tangent. Therefore, temporal windowing is not required for this method.
Since the accuracy of the permittivity measurement depends on the precision of the
sample thickness, effective thickness of the sample is also determined through the
least-squares fitting process. A new error function based on the real and imaginary
part of transmission coefficient is defined for accurate and rapid convergence of the
optimization. Debye relaxation is used to model the complex permittivity of hexatria-
contane which ensures its smooth variation with respect to the frequency. In addition,
this method can be used to determine the complex permittivity of the materials by
devising an appropriate function for the frequency dependence of the complex per-
mittivity. To evaluate the performance of the extraction process, it is tested on large
number of simulated cases with varying dielectric constant and loss tangent.

2 Description of the Complex Permittivity ExtractionMethod

To extract the complex permittivity of the sample, measured amplitude and phase of
the transmittance are fitted to a three-layer plane wave propagation model where the
sample is positioned between two layers of air as shown in Fig. 1a. A picture of our
measurement setup is shown in Fig. 1b. We have made the following assumptions in
our work:

1. Sample is a linear, isotropic, and homogeneous medium.
2. Sample has two flat and parallel surfaces with a thickness of d.
3. Plane wave is normally incident on the surface of the sample.

Note that, in a THz-TDS system, plane-wave transmission can be considered, if the
sample thickness is much smaller than the depth of focus of the system. These under-
lying assumptions and associated errors are studied extensively in [16]. Considering
these assumptions, the transmission coefficient through the sample is adopted from
[17] as follows:

T = 4k0kd exp(−j (kd − k0)d)

(kd + k0)2 − (kd − k0)2 exp(−2jkdd)
, (1)
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Fig. 1 a Three-layer propagation model with the normal incident plane wave, b view of the measurement
chamber of the THz-TDS system and sample

where k0 is the wave number in air and kd is the complex propagation constant in
sample defined as kd = k0

√
εr . Note that transmission coefficient defined in Eq. 1

takes into the account the multiple internal reflections—Fabry-Pérot effect— in the
sample. εr is the frequency-dependent relative complex permittivity of the sample,
and it is modeled using Debye relaxation as follows:

εr = 1 + εs − 1

1 + jωτ
, (2)

where τ and εs are relaxation time and the static permittivity, respectively, and deter-
mined using the least-squares fitting. Debye relaxation model ensures the smooth
variation of real and imaginary permittivity with respect to the frequency.

In order to determine the unknown coefficients of εs , τ , and d, MATLAB’s
nonlinear least-squares solver is employed and the following error function is used,

δ(εs, τ, d) = δ2� + δ2�, (3)

δ� = ln(|T |2) cosφ − ln(|Tmeas|2) cosφmeas, (4)

δ� = ln(|T |2) sinφ − ln(|Tmeas|2) sinφmeas. (5)

|T |∠φ and |Tmeas|∠φmeas are the modeled and measured transmission coefficients,
respectively. δ� and δ� are related to the real and imaginary part of the transmis-
sion coefficient. Unlike the error functions defined in [12] and [14] where amplitude
and phase are used, here we have used the real and imaginary part of the transmit-
tance in our error function. Real and imaginary part of transmittance are both in the
range of (− 1,1); hence, they have equal weight in δ(εs, τ, d). The error function is
minimized in terms of least squares to extract the unknown parameters. Mechanical
measurement of the sample thickness is used as the initial guess. Starting value for
εs is determined by measuring the average frequency difference between the peaks
of the transmission coefficient, Δf (discussed later on), as follows:

ε0s =
( c

2π

)2 1

(Δf d0)2
, (6)
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where d0 is the initial guess for thickness and c is the speed of light in vacuum. Once
the relaxation model parameters are extracted, real permittivity and the loss tangent
are calculated using Eq. 2.

To evaluate the performance of the extraction method, transmission through sam-
ples with various thickness and permittivity is simulated in ANSYS HFSS. The
simulated transmission coefficient is used to extract the complex permittivity. Thick-
ness of the simulated sample is varied as 0.4–2 mmwith steps of 0.4 mm and its static
permittivity and relaxation time are varied as 2.15 < εs < 2.3 and 0.5 < τ < 2 fs.
Initial guess for τ is set to 0.01 fs, and a uniformly distributed error with a standard
deviation of 0.15 mm is assigned as the initial guess for thickness in the extraction
process (d0 = d+U(− 0.15, 0.15)). This initial guess is chosen according to the aver-
age error between mechanical measurement of the tested samples and the extracted
effective thickness. Histogram of the errors for 100 simulated cases are shown in
Fig. 2 where the relative error is defined as follows:

Relative error = exact − estimated

exact
. (7)

According to Fig. 2, for 84% of the cases, the thickness and εs can be estimated with
a relative error of 1% and relaxation time is extracted with a relative error of 5%.
For 92% of the cases, less than ten iterations are required to obtain a fully converged
result. This is an independent way to verify the accuracy of our data analysis, and it
shows that the described method is reliable and rapidly converging.

3 Experimental Results

Twenty samples of C36H74 hexatriacontane, (purity: 98%, Sigma-Aldrich) with var-
ious thickness ranging from 0.3 to 2.2 mm are fabricated using casting in a metallic
mold. Thickness of the samples is measured with the micrometer (Mitutoyo Quan-
tuMike Series 293-Coolant Proof) with standard error of 0.4 μm and resolution of

Fig. 2 Error histogram for estimated a thickness d, Debye relaxation parameters of b εs , and c τ
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1 μm which is used as the initial guess in the least-squares fitting. Amplitude and
phase of the transmitted wave through samples are measured using a commercial
THz-TDS system (TPS Spectra 3000, Teraview Ltd.). Figure 1b shows the measure-
ment chamber of the THz-TDS system. To eliminate the absorption peaks due to O2
and water vapor, chamber is purged with N2 throughout the measurement. First, a ref-
erence measurement is performed without the sample. Next, transmittance through
the sample is measured in the frequency range of 0.06–3 THz with a frequency res-
olution of 734 MHz. However, only the frequency range of 0.3–1.1 THz is used for
data analysis, since it has the sufficient signal-to-noise ratio. Each frequency data is
averaged over 300 measurements to eliminate any random errors arising from ampli-
tude fluctuations of the mode-locked femtosecond laser. Once the Debye relaxation
parameters are determined through the least-squares optimization, complex permit-
tivity is extracted for the frequency range of 26 GHz–1.1 THz using the procedure
discussed in Section 2 and Eq. 2. Extrapolated data in the range of 26–110 GHz are
of interest for the paraffin variable capacitors operating at mmW frequencies [1, 2].

As a example, temporal profile of the THz signal with and without the 1.498-mm-
thick sample are shown in Fig. 3a. Transmission coefficient is calculated by the ratio
of the Fourier transform of these signals. Amplitude and phase of the transmission
coefficient are shown in Fig. 3b, c, respectively. As shown here, experimental data
and the fitted model are in close agreement and residual sum of squares (RSS) for
the amplitude and phase are 0.3243 and 0.2193, respectively.

Extraction process is performed on the 20 measured samples. The average εs and
τ values are 2.2516 and 1.65 fs with standard deviation of 0.028 and 1.08 fs, respec-
tively. Using the extracted parameters, Debye relaxation model given in Eq. 2 is used
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Fig. 3 aMeasured time-domain THz pulse for the reference (without sample) and for the 1.498-mm-thick
hexatriacontane sample. Comparison of the measured data with the analytical model for b amplitude and
c phase of the transmittance
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Fig. 4 a Measured (0.3–1.1 THz) and b extrapolated (26–300 GHz) average real permittivity for 20
hexatriacontane samples with error bars representing one standard deviation

to calculate the complex permittivity. Average real part of the permittivity is plotted in
Fig. 4 where error bars indicate one standard deviation. Real permittivity has a aver-
age value of 2.25 with a standard deviation of 0.028, and it is approximately constant
over the measured frequency range. Figure 5 shows the average loss tangent where
error bars represent one standard deviation. Loss tangent is monotonically increasing
with frequency and approximately has a linear dependency as follows:

tan δ = 5.7541 × 10−3f + 1.9973 × 10−7 (8)

where f is frequency in THz. As expected, uncertainties in determining the relax-
ation time, result in increasing standard deviation of the loss tangent with respect to
frequency.

The accuracy of the extracted complex permittivity is affected by the uncertainty
of the sample thickness and its roughness over the illuminated region by the THz
beam. Moreover, the analytical model is no longer valid in the cases of nonparallel
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Table 1 Average and standard
deviation of loss tangent for
various frequency bands

Band Frequency Avg. tan δ SD

Ka 26 GHz 1.49 × 10−4 9.75×10−5

U 40 GHz 2.30 × 10−4 1.50×10−4

E 60 GHz 3.45 × 10−4 2.25×10−4

W 75 GHz 4.32 × 10−4 2.81×10−4

F 90 GHz 5.18 × 10−4 3.37×10−4

D 110 GHz 6.33 × 10−4 4.13×10−4

G 140 GHz 8.06 × 10−4 5.25×10−4

Y 170 GHz 9.78 × 10−4 6.37×10−4

– 220 GHz 1.26 × 10−3 8.25×10−4

– 325 GHz 1.87 × 10−3 1.22×10−3

– 500 GHz 2.88 × 10−3 1.88×10−3

– 750 GHz 4.31 × 10−3 2.81×10−3

– 1.1 THz 6.32 × 10−3 4.12×10−3

sample surfaces and the oblique incident of the THz beam, which results in inaccurate
extracted parameters.

Summary of loss-tangent measurement results for most commonly used frequency
bands is compiled in Table 1, suggesting that it can be used to design low-loss RF
components in mmW and THz bands.

4 Summary and Discussion

We have reported the complex permittivity characterization method o using THz-
TDS. A least-squares optimization scheme is used to fit the amplitude and phase of
the transmittance to an analytical propagation model. One of the unique features of
this work is that our extraction method does not require a priori knowledge of the
thickness and temporal windowing. Accuracy of the described method is verified
using Finite Element simulations and complex permittivity parameters are extracted
with a relative error of less than 5 for 84% of the cases.

Using this approach complex permittivity of solid alkane samples are extracted,
where Debye relaxation parameters and the thickness of the sample are simulta-
neously estimated. Complex permittivity for frequency range of 26–300 GHz is
extrapolated. For the paraffin samples, real permittivity is measured to be 2.25 with
a standard deviation of 0.028, and it is approximately constant over the frequency
range of interest. Measurement results are compared with the state-of-art TDS mea-
surements on liquid n-alkanes and solid paraffin waxes with a lower melting point
(< 58 ◦C). Average real permittivity of hexatriacontane is higher than that of liquid
n-alkanes (C15H32, εr = 2.04), since the refractive index increases monotonically
with respect to the number of carbon atoms [7]. Moreover, similar to refractive index
of liquid n-alkanes [7] and solid paraffin waxes [8, 9], real permittivity of hexatria-
conane is approximately independent of frequency in the frequency range of interest.
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Measured absorption coefficient for liquid n-alkanes [7] and solid paraffin waxes
[8, 9] has similar characteristics to the loss tangent of the hexatriacontane which is
monotonically increasing with frequency without any absorption peaks. Although the
standard deviation of the real permittivity is very low, uncertainty of the estimated
loss tangent increases with frequency. Nonplanar and rough surface of paraffin con-
tribute to the uncertainty in determination of the relaxation time which consequently
increases the standard deviation of the loss tangent at higher frequencies. Extracted
loss tangent values for paraffin are less than 10−3 for f < 170 GHz, and it is equal
to 6.32×10−3 at 1.1 THz. This unique property makes alkanes an attractive material
for the design of RF components and antennas in mmW and THz bands.
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